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EQUIVARIANT ONE-PARAMETER DEFORMATIONS OF
ASSOCIATIVE ALGEBRAS
GOUTAM MUKHERJEE AND RAJ BHAWAN YADAV
Abstract. We introduce an equivariant version of Hochschild cohomology as the
deformation cohomology to study equivariant deformations of associative algebras
equipped with finite group actions.
1. Introduction
The idea of algebraic deformation theory was introduced by M. Gerstenhaber [4–8].
He introduced deformation theory for associative algebras. His theory was extended
to Lie algebras by A. Nijenhuis and R. Richardson [19], [20], [21]. Let k be a fixed field.
Given a type of algebra A over k, (usually denoted by As, Lie, Com, Dias, Leib,
etc.), its formal one-parameter deformation theory has been extensively studied in
the literature, following Gerstenhaber’ work. In recent time, more general algebraic
deformation theory has been studied for Loday algebras [12–14] and other type of
algebras by several authors (see [1–3,9,10,15–18,22,23]).
LetX be an object in a category of algebras. Roughly speaking, a deformation ofX
is a family Xt of objects whose structures are obtained by “deforming” the structure
on X as t varies over a suitable space of parameters in a smooth way. If A is an
algebra over a commutative ring k, a one-parameter algebraic deformation of A is a
family of algebras {At} parameterized by t such that A0 ∼= A and the multiplicative
structure of At varies algebraically with t.
M. Gerstenhaber considered the case where A is an associative k-algebra and the
deformation of A is again associative.
Let A[[t]] be the k[[t]]-module of formal power-series with coefficients in the k-
module A. The algebra A is a submodule of A[[t]]. Of course, A[[t]] is an algebra
where the algebra structure is obtained by bilinearly extending the multiplication of
A, but one may also impose other multiplications on A[[t]] that agree with that of A
when we specialize to t = 0. Suppose a multiplication m : A[[t]] ⊗k[[t]] A[[t]] → A[[t]]
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is given by a formal power-series of the form
m(a, b) = m0(a, b) +m1(a, b)t +m2(a, b)t
2 + · · · .
Note that since the multiplication m is defined over k[[t]], it is enough to consider a
and b in A. It is further assumed that each mn is a linear map A ⊗k A → A with
m0(a, b) = ab (multiplication in A).
A one-parameter formal deformation of a k-algebra A is a formal power-series
m =
∑∞
n=0mnt
n with coefficients in Homk(A⊗k A,A) such that m0 : A⊗k A→ A is
the multiplication inA. The deformation is associative ifm(m(a, b), c) = m(a,m(b, c))
for all a, b, c in A.
M. Gerstenhaber introduced a notion of infinitesimal deformation and showed that
under certain cohomological conditions it is possible to obtain deformed algebras.
The associated cohomology (called deformation cohomology) is the Hochschild co-
homology for associative algebras. He also introduced the notion of equivalence of
deformed objects.
The aim of the present article is to introduce and study the above problem in the
equivariant world. More specifically, we consider the category As(G) of associative
algebras equipped with actions of a finite group G and equivariant associative algebra
maps and study equivariant deformation theory in this category. Note that given any
associative algebra A, any finite subgroup of the group of self isomorphisms of A acts
on A. We denote an object of this category by (G,A) and call it an action of G on
A (or, simply, an action). Moreover, for a given action (G,A), the action of G on A
naturally extends to an action on A[[t]]. The algebra A is a G-submodule of A[[t]],
and we could make A[[t]] an algebra by bilinearly extending the multiplication of A
and the induced G-action is preserved in the sense that the induced multiplication
is equivariant. We shall denote this by (G,A[[t]]). The question in the equivariant
context is to see whether there are other multiplications on A[[t]] that agree with
that of A when we specialize to t = 0 and preserve the group action. Moreover,
equivariant deformation theory should classify deformations preserving symmetries
of the deformed objects.
Let HomGk (A⊗k A,A) denote the space of all k-linear maps A⊗k A→ A which are
G-equivariant with the diagonal action of the group G on A× A.
Given an action (G,A), ideally, a one-parameter equivariant formal deformation of
(G,A) should be a formal power-series m =
∑∞
n=0mnt
n with coefficients
mi ∈ Hom
G
k (A⊗k A,A)
such that m0 : A⊗kA→ A is the multiplication in A. The deformation is associative
if m(m(a, b), c) = m(a,m(b, c)) for all a, b, c in A.
To this end,
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(1) we formulate equivariant Hochschild cohomology of (G,A) with coefficients in
a G-bimodule;
(2) introduce the notion of invariant infinitesimal deformations;
(3) study the problem of extending an infinitesimal deformation to a full-blown
equivariant deformation;
(4) and introduce the notion equivalence of deformed objects in the equivariant
set up.
Throughout the paper k will be a fixed field and G will denote a finite group. The
tensor product over k will be denoted by ⊗. A typical element of A⊗n will be denoted
by (x1, . . . , xn).
The paper is organized as follows. In Section 2, we recall known results and set up
notations that we will use throughout the paper. In Section 3, we define the notion of
a G-bimodule over an associative algebra equipped with an action of G and introduce
equivariant Hochschild cohomology with coefficients in a G-bimodule. In Section 4, we
extend the classical formal one-parameter deformation theory of associative algebras
in the equivariant context. We show that the equivariant Hochschild cohomology
plays the role of the deformation cohomology in the sense that it controls equivariant
deformation. Finally, in Section 5, we introduce the notions of equivalence of deformed
objects and equivariantly rigid objects in the present context.
2. Preliminaries
In this section we gather standard information concerning deformations of associa-
tive algebras. The main purpose is to introduce the basic notation and terminology
that we will use throughout this paper. The standard references are [4,5,11].
2.1. Definition. Let A be an associative k-algebra. A bimodule over A is a k-module
M equipped with a linear left A-action and a right A-action such that (am)a′ = a(ma′)
for a, a′ ∈ A and m ∈M. The actions of A and k onM are assumed to be compatible,
for instance:
(λa)m = λ(am) = a(λm), λ ∈ k, a ∈ A, m ∈M.
When A has a unit element 1A, we always assume that 1Am = m1A = m for all
m ∈M.
We shall denote the product map of A by µ : A⊗ A→ A. µ(a, b) = ab. Note that
M = A is an A-bimodule where the actions are given by the product in A.
Let us briefly describe the definition of Hochschild cohomology of an an associative
algebra A with coefficients in a bimodule M.
Consider the module Cn(A;M) := M ⊗ A
⊗n. The Hochschild boundary is the
k-linear map d :M ⊗ A⊗n →M ⊗ A⊗n−1 given by the formula
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d(m, a1, . . . an) : = (ma1, a2, . . . an)
+
n−1∑
i=1
(−1)i(m, a1, . . . , aiai+1, . . . , an) + (−1)
n(anm, a1, . . . an−1).
This gives a chain complex C♯(A;M) = {Cn(A;M), d}, where the moduleM⊗A
⊗n
is in degree n, known as Hochschild complex.
In the case where M = A the Hochschild complex C♯(A;A), written simply as
C♯(A) is
C♯(A) : . . .→ A
⊗n+1 d→ A⊗n
d
→ . . .
d
→ A⊗2
d
→ A.
Set Cn(A;M) := Homk(Cn−1(A),M) and define Hochschild coboundary
δ : Cn(A;M)→ Cn+1(A;M)
as follows. For a cochain f ∈ Cn(A;M), δ(f) is given by
δ(f)(x1, . . . , xn+1)
= x1f(x2, . . . , xn+1) +
∑
0<i<n+1
(−1)if(x1, . . . , xixi+1, . . . , xn+1)
+ (−1)n+1f(x1, . . . , xn)xn+1.
This gives a cochain complex C♯(A;M). The Hochschild cohomolgy groups are
defined by
Hn(A;M) := Hn(C
♯(A;M)).
For Gerstenhaber’s theory we need Hochschild cohomology H3(A;A) of A with
coefficients in A, regarded as an A-bimodule.
Let us briefly review the classical deformation theory of associative algebras. For
deformation theory, we assume that the field k is of characteristic zero.
Let A be an associative algebra over a field k of characteristic zero. Let K = k[[t]]
be the formal power-series ring with coefficients in k.
2.2. Definition. A formal one-parameter deformation of A is a K-bilinear multipli-
cation law mt : A[[t]]×A[[t]] −→ A[[t]] on the space A[[t]] of formal power-series in a
variable t with coefficients in A, satisfying the following properties:
mt(a, b) = m0(a, b) +m1(a, b)t+m2(a, b)t
2 + · · · for a, b ∈ A,
where mi : A × A −→ A are k-bilinear and m0(a, b) = µ(a, b) = ab is the original
multiplication on A, and mt is associative.
Thus, a formal deformation of A is an associative algebra structure mt on A[[t]]
over K such that for t = 0, we get back the given algebra structure on A.
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Note that the condition of associativity of mt is equivalent to the equation
mt(mt(a, b), c) = mt(a,mt(b, c)), for a, b, c ∈ A.
Writing down the above equation explicitly, we get
∑
p+q=r
p,q≥0
mp(mq(a, b), c)−mp(a,mq(b, c)) = 0, r ≥ 0.(1)
2.3. Remark. For r = 0, this is just the associativity of the original multiplication.
For r = 1, the above condition implies
am1(b, c)−m1(ab, c) +m1(a, bc)−m1(a, b)c = 0.
In terms of Hochschild theory this simply means that m1 is a 2-cocycle, that is, m1 ∈
Z2(A,A) = {c ∈ C2(A;A) : δ(c) = 0}. The 2-cocycle m1 is called the infinitesimal of
the deformation.
Thus, we have
2.4. Proposition. The infinitesimal of a one-parameter family of formal deformation
of an associative algebra is a Hochschild 2-cocycle.
2.5. Remark. The base of a formal one-parameter deformation as defined above is K.
More generally, a one-parameter deformation of order n, is a deformation with base
K/(tn+1), given by mt modulo (t
n+1). In this case, the associativity condition means
that the 2-cochains mr, satisfy (1) for 0 ≤ r ≤ n.
Next, comes the question of extending an infinitesimal deformation to a full-blown
deformation. If we start with an arbitrary 2-cocycle m1 ∈ Z
2(A,A), it need not be
an ‘infinitesimal’ of a deformation. If it be so, then we say that m1 is integrable. The
integrability of m1 implies an infinite sequence of relations which may be interpreted
as the vanishing of the ‘obstructions’ to the integration of m1.
For suppose we have a deformation of A of order n ≥ 1, given by mt modulo (t
n+1).
Then by the above remark, 2-cochains mr, satisfy (1) for 0 ≤ r ≤ n. In order that
the given nth order deformation extends to an (n+1)th order deformation mt modulo
(tn+2), over K/(tn+2), the multiplication mt modulo (t
n+2) must be associative, equiv-
alently, (1) should hold for 0 ≤ r ≤ n + 1. Using coboundary formula, the equation
for r = n+ 1 can be rewritten as
δmn+1(a, b, c) =
∑
p+q=n+1
p,q>0
mp(mq(a, b), c)−mp(a,mq(b, c)).(2)
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In view of this observation, given an nth order deformation mt modulo t
n+1 over
K/(tn+1), we define a function F by
F (a, b, c) =
∑
p+q=n+1
p, q>0
mp(mq(a, b), c)−mp(a,mq(b, c)), a, b, c ∈ A.
Then, F is a 3-cochain and is called the (n+1)th obstruction cochain in extending a
deformation of order n to a deformation of order n+1. One of the main observations
in deformation theory is the following result.
2.6. Theorem. The (n+ 1)th obstruction cochain F is a 3-cocycle and the given nth
order deformation extends to a deformation of order (n + 1) if and only if the the
cohomology class of F vanishes.
We immediately obtain
2.7. Corollary. If H3(A,A) = 0 then any Hochschild 2-cocyle is integrable.
Given two associative deformations (A[[t]], mt) and (A[[t]], nt), a formal isomor-
phism
Ψ : (A[[t]], mt)→ (A[[t]], nt)
is a k[[t]]-linear automorphism of the form
Ψ(a) = ψ0(a) + ψ1(a)t+ ψ2(a)t
2 + · · ·
where each ψi is a k-linear map A→ A, ψ0(a) = a for a ∈ A and
nt(Ψ(a),Ψ(b)) = Ψ(mt(a, b))
for all a, b ∈ A. Observe that it is enough to consider a ∈ A, since Ψ is defined over
k[[t]]. In that case, the two deformations are said to be equivalent.
It is a standard fact that if H2(A;A) = 0 then, A has only trivial deformation and
in this case, A is called rigid.
3. Group actions and Equivariant Hochschild cohomology
3.1. Definition. Let A be an associative k-algebra with product µ(a, b) = ab and
G be a finite group. The group G is said to act on A from the left if there exists a
function
φ : G× A→ A, (g, a) 7→ φ(g, a) = ga
satisfying the following conditions.
(1) ex = x for all x ∈ A, where e ∈ G is the group identity.
(2) g1(g2x) = (g1g2)x for all g1, g2 ∈ G and x ∈ A.
(3) For every g ∈ G, the left translation φg = φ(g, ) : A→ A, a 7→ ga is a linear
map.
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(4) For all g ∈ G and a, b ∈ A, µ(ga, gb) = gµ(a, b) = g(ab), that is, µ is equivari-
ant with respect to the diagonal action on A× A.
We shall denote an action as above by (G,A).
The following is an equivalent formulation of the above definition.
3.2. Proposition. Let G be a finite group and A be an associative algebra. Then G
acts on A if and only if there exists a group homomorphism
ψ : G→ IsoAs(A,A), g 7→ ψ(g) = φg
from the group G to the group of algebra isomorphisms from A to A.
Proof. Given an action (G,A), define a map as follows.
ψ : G→ IsoAs(A,A), g 7→ ψ(g) = φg.
It is straightforward to check that it is a group homomorphism. Conversely, given a
group homomorphism
ψ : G→ IsoAs(A,A),
define a map G×A→ A by (g, a) 7→ ψ(g)(a). It is easy to check that this is an action
of G on the associative algebra A. 
3.3. Example. Let G be a finite group and V be a representation space of G. Let
T 0(V ) = k, T r(V ) =
r-copies︷ ︸︸ ︷
V ⊗ · · · ⊗ V , r > 0,
Let T (V ) = ⊕r≥0T
r(V ) be the tensor algebra on V. This is the free associative algebra
on V. The linear action on V induces an action T (V ) to yield an action (G, T (V )).
3.4. Example. The symmetric group Sn acts on the algebra Mn(R) (the algebra of
all n× n matrices over R with respect to matrix addition and matrix multiplication)
by interchanging rows (or, columns).
3.5. Example. Let X be a G-set and let A = {α : X → R} be the vector space
of all real valued functions on X . Observe that A is an algebra with the product
αβ(x) = α(x)β(x) for all x ∈ X. Define an action of G on A by (g, α) 7→ gα, where
(gα)(x) = α(gx), x ∈ X. Note that for g ∈ G and α, β ∈ A,
g(αβ)(x) = (αβ)(gx) = α(gx)β(gx) = (gα)(x)(gβ)(x) = (gα)(gβ)(x)
for all x ∈ X. Thus, (G,A) is an action.
3.6. Example. Consider the algebra A = k[x, y]/(y2−x3). The group Z2 acts on the
algebra k[x, y] by replacing y by −y, keeping the variable x unchanged. This action
preserves the ideal (y2−x3), hence, induces an action on the algebra A. Similarly, we
have an action (Z2, A), where A = k[[x, y]]/(y
2 − x3).
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Let (G,A) be a given action and H < G be a subgroup of G. Then, the H-fixed
point set AH , defined by
AH = {a ∈ A : ha = a ∀h ∈ H},
is a subalgebra of A. We shall denote the multiplication µ|(AH ×AH) on AH by µH .
Moreover, note that if H,K are subgroups of G with g−1Hg ⊂ K, g ∈ G, then the
associative algebra homomorphism φg maps A
K to AH .
3.7. Definition. The family {AH : H < G} is called the system of fixed point
subalgebra.
Next, we introduce a notion of G-bimodule over an associative algebra A equipped
with an action of G.
3.8. Definition. A G-bimodule over (G,A) is a bimodule M over A such that G acts
linearly on M and the left A-action and the right A-action
A×M →M, M × A→M
on M are equivariant (cf. Definition 2.1).
Observe that for an action (G,A), M = A considered as a G-module is a G-
bimodule over (G,A) in the above sense.
We now introduce equivariant Hochschild cohomology of an action (G,A) with
coefficients in a G-bimodule M.
Set
CnG(A;M) : = {c ∈ C
n(A;M) : c(φg(a1), . . . , φg(an)) = gc(a1, . . . , an), g ∈ G}
= {c ∈ Cn(A;M) : c(ga1, . . . , gan) = gc(a1, . . . , an), g ∈ G},
where Cn(A;M) is the nth-cochain group of the algebra A with coefficients in the
bimodule M. In other words, CnG(A;M) consists of all Hochschild n-cochains which
are equivariant. Clearly, CnG(A;M) is a submodule of C
n(A;M). An element c ∈
CnG(A;M) will be referred to as an invariant n-cochain.
3.9. Lemma. If a cochain c is invariant then δ(c) is also invariant. In other words,
c ∈ CnG(A;M) =⇒ δ(c) ∈ C
n+1
G (A;M).
Proof. Let c ∈ CnG(A;M) be an invariant n-cochain and g ∈ G.
Then, for every (x1, . . . , xn) ∈ A
⊗n we have
c(φg(x1), . . . , φg(xn)) = g(c(x1, . . . , xn)).(3)
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Next, recall from the definition of Hochschild coboundary that
δ(c)(φg(x1), . . . , φg(xn+1))
= gx1c(gx2, . . . , gxn+1)
+
∑
1≤i<n+1
(−1)ic(gx1, . . . , gxigxi+1, . . . , gxn+1)
+ (−1)n+1c(gx1, . . . , gxn)gxn+1
= gδ(c)(x1, . . . , xn+1).
Therefore,
δ(c) ∈ Cn+1G (A;M).

Thus C♯G(A;M) = {C
n
G(A;M), δ} is a cochain subcomplex of the Hochschild cochain
complex.
3.10. Definition. The cochain complex C♯G(A;M) will be referred to as the equi-
variant Hochschild cochain complex of (G,A) with coefficients in the G-bimodule
M .
3.11. Definition. We define the equivariant nth-Hochschild cohomology group of
(G,A) with coefficients in M by
HnG(A;M) := Hn(C
♯
G(A;M)).
For M = A we will denote this group by HnG(A;A).
4. Equivariant deformation
In this section, we will introduce formal one-parameter deformation theory of as-
sociative algebras equipped with finite group actions. For this section we assume
that k is a field of characteristic zero. As in section 2, let K = k[[t]] be the formal
power-series ring.
Let (G,A) be a given action of G on an associative algebra A.
4.1. Definition. An equivariant formal one-parameter deformation of (G,A) is a
K-bilinear multiplication law
mt : A[[t]]× A[[t]] −→ A[[t]],
on the space A[[t]] of formal power-series in a variable t with coefficients in A, satis-
fying the following properties:
(1) mt(a, b) = m0(a, b) + m1(a, b)t + m2(a, b)t
2 + · · · for a, b ∈ A, where mi :
A× A −→ A are k-bilinear and m0(a, b) = µ(a, b) = ab is the original multi-
plication on A, and mt is associative.
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(2) For every g ∈ G,
mi(ga, gb) = gmi(a, b), a, b ∈ A
for all i ≥ 1, that is mi ∈ Hom
G
k (A⊗A,A) for all i ≥ 1.
Note that the second condition of the above definition holds automatically for i = 0
because of the fact that µ is equivariant.
As in the non-equivariant case, the condition that mt be associative is equivalent
to the equation
mt(mt(a, b), c) = mt(a,mt(b, c)),
for all a, b, c ∈ A.
Writing down the above equation explicitly, we get
∑
p+q=r
p,q≥0
mp(mq(a, b), c)−mp(a,mq(b, c)) = 0, r ≥ 0.(4)
More generally, we have the notion of equivariant deformation of finite order.
4.2. Definition. An equivariant formal one-parameter deformation of (G,A) of order
n is a deformation of A with base K/(tn+1), given by a multiplication law mt modulo
the ideal (tn+1) satisfying the following properties:
(1) mt(a, b) = m0(a, b) + m1(a, b)t + m2(a, b)t
2 + · · · for a, b ∈ A, where mi :
A× A −→ A are k-bilinear and m0(a, b) = µ(a, b) = ab is the original multi-
plication µ on A, and mt is associative modulo (t
n+1).
(2) mi ∈ Hom
G
k (A⊗ A,A) for all i ≥ 1.
4.3. Remark. Note that the associativity condition modulo (tn+1) means that the
2-cochain mr, satisfy (4) for 0 ≤ r ≤ n.
Assume that we have an equivariant deformation mt of A. Then,
m1 ∈ C
2
G(A;A)
by condition (2) of Definition 4.1. Moreover, δ(m1) = 0 by the non-equivariant case
(cf. Remark 2.3).
Thus, the 2-cochain m1 ∈ C
2
G(A;A) is a 2-cocycle and hence, represents a coho-
mology class in H2G(A;A).
4.4. Definition. We call this 2-cocycle m1 ∈ C
2
G(A;A) as the infinitesimal of the
given equivariant deformation. An equivariant deformation of order one is called an
equivariant infinitesimal deformation.
The following example provides an equivariant deformation of order one of the
action given in Example 3.6.
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4.5. Example. Consider the action (Z2, A), where A = k[[x, y]]/(y
2 − x3), with k a
field of characteristic zero. We may identify A with k[[x]] + yk[[x]].
Let A[[t]] be the module of formal power-series in the variable t with coefficients in
A. Clearly, A[[t]] is a Z2-module. With the above identification of A we may define
a product
mt : A[[t]]× A[[t]]→ A[[t]], mt = m0 +m1t
as follows. Here, m0 is the original multiplication in A. For p(x), q(x) ∈ k[[x]] define
mt(p(x), q(x)) = p(x)q(x); mt(y, y) = x
3 + x2t;
mt(p(x), yq(x)) = mt(yq(x), p(x)) = yp(x)q(x);
mt(yp(x), yq(x)) = p(x)q(x)(x
3 + x2t).
Thus, m1(yp(x), yq(x)) = p(x)q(x)x
2. A direct computation shows that m1 satisfies
Equation (4) for r = 1. In other words, m1 is a cocycle and hence, the above binary
operation defines an associative algebra structure on A[[t]]. Moreover, it preserves
the Z2-action on A[[t]]. For t = 0, we get back the original action (Z2, A). Thus,
(A[[t]], mt) is an equivariant infinitesimal deformation of A.
Next, we discuss the problem of extending an equivariant deformation of A of order
n to that of A of order n+ 1.
Suppose we have an equivariant deformation of A of order n ≥ 1, given by mt
modulo (tn+1). Then by Remark 4.3, the 2-cochain mr ∈ C
2
G(A;A) satisfy (4) for
0 ≤ r ≤ n. In order that the given nth order deformation extends to an (n+1)th order
deformationmt modulo (t
n+2), that is, an equivariant deformation of A overK/(tn+2),
the multiplications mt modulo (t
n+2) must be associative, equivalently, equations (4)
should hold for 0 ≤ r ≤ n + 1.
We write down the equation for r = n+1 using the the definition of the coboundary
δ as
δmn+1(a, b, c) =
∑
p+q=n+1
p,q>0
mp(mq(a, b), c)−mp(a,mq(b, c)).(5)
Define a function F by
F (a, b, c) =
∑
p+q=n+1
p, q>0
mp(mq(a, b), c)−mp(a,mq(b, c)), a, b, c ∈ A.
Then F is a 3-cochain, that is, F ∈ C3(A;A).
4.6. Lemma. The 3-cochain F is invariant. In other words, F ∈ C3G(A;A).
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Proof. To prove that F is invariant we must show that for every g ∈ G the following
holds:
F (ga, gb, gc) = gF (a, b, c), ∀a, b, c ∈ A.
Note that by Definition 4.2, we have for all a, b ∈ A,
mi(ga, gb) = gmi(a, b).
Then, for all a, b, c ∈ A,
F (ga, gb, gc)
=
∑
p+q=n+1
p, q>0
mp(mq(ga, gb), gc)−mp(ga,mq(gb, gc))
=
∑
p+q=n+1
p, q>0
mp(gmq(a, b), gc)−mp(ga, gmq(b, c))
=
∑
p+q=n+1
p, q>0
gmp(mq(a, b), c)− gmp(a,mq(b, c))
= g
∑
p+q=n+1
p, q>0
mp(mq(a, b), c)−mp(a,mq(b, c))
= gF (a, b, c).
Therefore, F ∈ C3G(A;A). 
4.7. Definition. The 3-cochain F ∈ C3G(A;A) is called the (n + 1)
th obstruction
cochain in extending the given equivariant deformation of order n to an equivariant
deformation of A of order n + 1.
As in the non-equivariant case, we have the following result.
4.8. Theorem. The (n+ 1)th obstruction cochain F is a 3-cocycle and the given nth
order equivariant deformation extends to an equivariant deformation of order (n+1)
if and only if the cohomology class of F vanishes.
Proof. Note that F ∈ C3G(A;A) < C
3(A;A) is also the obstruction cochain for non-
equivariant extension of the given deformation and
δ : CnG(A;A)→ C
n+1
G (A;A)
is the restriction of
δ : Cn(A;A)→ Cn+1(A;A)
to the submodule CnG(A;A). Therefore, F is a cocycle in C
3
G(A;A).
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If the cohomology class of F vanishes then, there exists a 2-cochain, say, mn+1 ∈
C2G(A;A) such that
δmn+1(a, b, c) = F (a, b, c) =
∑
p+q=n+1
p,q>0
mp(mq(a, b), c)−mp(a,mq(b, c)),
for all a, b, c ∈ A. Then, we may use mn+1 as the coefficients of t
n+1 to get an
equivariant deformation of A over K/(tn+2). Conversely, if the given deformation
extends to an equivariant deformation of order (n+1) then, (4) holds for 0 ≤ r ≤ n+1
and in that case, as noted before, the obstruction cochain is a coboundary. Hence the
result follows. 
4.9. Corollary. If H3G(A;A) = 0 then every 2-cocycle in C
2
G(A;A) of (G,A) may be
extended to an equivariant formal deformation.
4.10. Remark. Let (G,A) be a given action. If {A[[t]], mt} is an equivariant formal
one-parameter deformation of (G,A), then the family
{AH [[t]] = A[[t]]H , mHt = mt/(A
H [[t]]× AH [[t]]) : H < G}
is a family of formal one-parameter deformations for the system of fixed point subal-
gebras {AH : H < G}, (cf. Definition 3.7).
5. Equivalence of equivariant deformations
The aim of this final section is to discuss briefly the notion of equivalence of equi-
variant deformations of (G,A).
First observe that for a given action (G,A), the action of G on A naturally extends
to an action on A[[t]] = A⊗K. The algebra A is a G-submodule of A[[t]], and we could
make A[[t]] an algebra by bilinearly extending the multiplication of A and the induced
G-action is preserved in the sense that the induced multiplication is equivariant. We
shall denote this by (G,A[[t]]). But we may also impose other multiplications on A[[t]]
that agree with that of A when we specialize to t = 0.
5.1. Definition. Given two associative equivariant deformations
{A[[t]], mt} and {A[[t]], nt}
an equivariant formal isomorphism between them is a k[[t]]-linear G-automorphism
Ψ : A[[t]]→ A[[t]]
of the form
Ψ(a) = ψ0(a) + ψ1(a)t+ ψ2(a)t
2 + · · ·
where each ψi is an equivariant k-linear map A→ A, ψ0(a) = a for a ∈ A and
nt(Ψ(a),Ψ(b)) = Ψ(mt(a, b))
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for all a, b ∈ A.
Note that as Ψ is defined over k[[t]], it is enough to consider a in A.
5.2. Definition. We say that the two equivariant deformations
{A[[t]], mt} and {A[[t]], nt}
are equivalent if there exists a formal isomorphism
Ψ : {A[[t]], mt} → {A[[t]], nt},
and we write
{A[[t]], mt} ∼= {A[[t]], nt}.
For a given action (G,A), if two equivariant deformations {A[[t]], mt} and {A[[t]], nt}
are equivalent with an equivariant formal isomorphism
Ψ : {A[[t]], mt} → {A[[t]], nt},
then for every subgroup H < G,
ΨH : {AH [[t]], mHt } → {A
H [[t]], nHt }
is a formal isomorphism of non-equivariant deformations of AH .
5.3.Corollary. For a given action (G,A), if two equivariant deformations {A[[t]], mt}
and {A[[t]], nt} are equivalent then for every subgroup H < G,
{AH [[t]], mHt }
∼= {AH [[t]], nHt }
as non-equivariant deformations of AH .
Writing down the condition
nt(Ψ(a),Ψ(b)) = Ψ(mt(a, b))
for all a, b ∈ A (cf. Definition 5.1) and collecting the coefficients of tn yields
∑
i+j+k=n
ni(ψj(a), ψk(b)) =
∑
i+j=n
ψi(mj(a, b)).(6)
Observe that δψ1 = m1 − n1. Thus, the 2-cocycles m1 and n1 are in the same
cohomology class.
Given an equivariant k-linear map ψ1 : A → A, we may ask when it may be
extended to an equivariant formal isomorphism from {A[[t]], mt} to {A[[t]], nt}. For
general n, equation (6) may be written as
δψn(a, b) =
∑
i+j=n,
i6=n
ψi(mj(a, b))−
∑
i+j+k=n,
j,k 6=n
ni(ψj(a), ψk(b)).(7)
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Given a truncated equivariant algebraic isomorphism Ψ =
∑
ψit
i, i < n, define a
2-cochain as follows. For all a, b ∈ A, set
On(a, b) =
∑
i+j=n,
i6=n
ψi(mj(a, b))−
∑
i+j+k=n,
j,k 6=n
ni(ψj(a), ψk(b)).
Then, On ∈ C
2
G(A;A) is a 2-cocyle. This 2-cocyle is the obstruction to extending
the given truncated isomorphism at the level n. For suppose, the class represented by
On is zero. Then, we have an invariant cochain ψ ∈ C
1
G(A;A) such that δ(ψ) = On.
Now extend the given truncated isomorphism to the next level by taking ψn = ψ as
the coefficient of tn.
If all such obstructions vanish, then the two equivariant deformations are equiva-
lent.
5.4. Theorem. If H2G(A;A) = 0, then all deformations of (G,A) are isomorphic.
5.5. Definition. An equivariant deformation of (G,A) is called a trivial deformation
if it is isomorphic to (G,A[[t]]).
5.6. Definition. An action (G,A) is called equivariantly rigid if it admits only trivial
deformations.
5.7. Corollary. If H2G(A;A) = 0, then (G,A) is rigid.
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